Abstract. Degeneration of modules is usually defined geometrically, but due to results of Zwara and Riedtmann we can also define it in purely homological terms. This homological definition also works over fields that are not algebraically closed. Let k be a field, K a finite extension of k and Λ a k-algebra. Then any K ⊗ k Λ-module is also a Λ-module. We study how the isomorphism classes, degeneration and hom-order differ depending on whether we work over Λ or K ⊗ k Λ.
Introduction
Let k be a field, K a normal finite field extension of k and Q a quiver. Since K-vector spaces are also k-vector spaces and all K-linear maps are k-linear, any K-representation of Q is also a k-representation. But, since not all k-linear maps are K-linear, two nonisomorphic K-representations may be isomorphic as k-representations. Example 1. Let Q be the Kronecker quiver and consider the CQ-modules
M and N are not isomorphic as CQ-modules, but if we view them as RQ-modules, there is an isomorphism given by complex conjugation.
More generally, if Λ is a k-algebra, then two K ⊗ k Λ-modules may be isomorphic in mod Λ, the category of finite-dimensional Λ-modules, but nonisomorphic in mod K ⊗ k Λ.
When we need to specify which algebra two modules are isomorphic over, we will add a superscript to the isomorphism sign, e.g. M ≃ RQ N . The Λ-isomorphism class of a given K ⊗ k Λ-module splits into a number of K ⊗ k Λ-isomorphism classes. In section 2 we give a complete description of these isomorphism classes.
Since isomorphism classes depend on which algebra we are working over, so do the degeneration order and the Hom-order.
Degeneration of modules is usually defined geometrically. For a natural number d and a k-algebra Λ, let mod d Λ be the set of algebra homomorphisms from Λ to M d (k), the ring of d × d-matrices with entries in k. Given a homomorphism µ ∈ mod Λ we can make a module structure on k d . For any λ ∈ Λ, x ∈ k d , we define λx := µ(λ) · x, where x is viewed as a column vector and the multiplication on the right hand side is just matrix multiplication. This lets us identify mod d Λ with the set of Λ-module structures on k d . The set mod d Λ is actually an affine variety, and we say that a module M degenerates to a module N if N is in the closure of the isomorphism class of M . This definition only works when k is algebraically closed, and in this paper we want to look at other fields. In [9] , G. Zwara showed that there is an equivalent module theoretic way to describe degeneration, and we will use this description as the definition.
Definition. Let M and N be modules in mod Λ. M degenerates to N if there exists a module X ∈ mod Λ and an exact sequence
We denote this by M ≤ deg N . An exact sequence of the above form is called a Riedtmann sequence.
This definition works for any field. With this definition it is not obvious that ≤ deg is a partial order, but this was shown by G. Zwara in [7] .
The degeneration order does not behave nicely with respect to cancellation of common direct summands, so in [3] C. Riedtmann introduced another order.
Definition. Let M and N be Λ-modules. M virtually degenerates to N if there exists Z ∈ mod Λ such that M ⊕ Z ≤ deg N ⊕ Z. We denote this by M ≤ vdeg N .
M ≤ deg N clearly implies M ≤ vdeg N , but for some algebras the virtual degeneration is strictly finer. This was first shown by an example due to J. Carlson (see [3] ).
The last partial order we want to study in this paper is the Hom-order, which is based on the dimensions of Hom-spaces. We will denote the k-dimension of
The relation ≤ Hom is clearly reflexive and transitive. In [1] , M. Auslander showed that if M ≃ N then there exists an X ∈ mod Λ such that Λ [X, M ] = Λ [X, N ], which shows that ≤ Hom is also antisymmetric.
M ≤ vdeg N implies M ≤ Hom N , but it is not known if ≤ Hom is strictly finer. However, if the algebra is representation-finite, all three orders are the same. This was shown for algebras over algebraically closed fields by G. Zwara in [8] and generalized to arbitrary artin algebras by S. O. Smalø in [4] .
As with isomorphisms, we add a superscript when we need to specify which algebra we are considering.
In section 3 we give several examples where
. We also give some examples of modules M, N where M ⊕ M degenerates to N ⊕ N but M does not degenerate to N . For some algebras Λ the K ⊗ k Λ-isomorphism classes are the same as the Λ-isomorphism classes. We show that in these cases ≤ K⊗ k Λ Hom and ≤ Λ Hom are also the same. In section 4 we show that if the endomorphism ring of a module is a division ring, then the module is minimal in the degeneration-and Hom-orders.
For background on representation theory of algebras we refer the reader to [2] . For an introduction to degenerations of modules, see [4] .
Isomorphism classes
Let k be a field, K a separable finite extension of k and Λ a k-algebra.
Since Λ is a subring of Γ any Γ-module is also a Λ-module.
Furthermore, any Γ-homomorphism is a Λ-homomorphism, so X ≃ Γ Y implies X ≃ Λ Y . But, as Example 1 shows, the reverse implication does not hold. In Example 1 we see that the RQ-isomorphism class of M contains two CQisomorphism classes, and one is in some sense a complex conjugate of the other. On the other hand, the RQ-isomorphism class of the module
If a is not real it has two CQisomorphism classes. Note also that when a is real there exists a RQ-module Y a such that X a ≃ CQ C ⊗ R Y a , whereas when a is not real there is no such RQ-module. Similarly, for any indecomposable CQ-module M its RQ-isomorphism class contains either one or two CQ-isomorphism classes. When there are two, a module in the second class can be constructed from M by complex conjugation.
More generally, if K is a normal extension of k of degree n, the Λ-isomorphism class of an indecomposable Γ-module splits into at most n Γ-isomorphism classes, and they are related by k-automorphisms of K.
Given a k-automorphism of K and a Γ-module M , we can construct a Γ-module that is Λ-isomorphic to M in the following way.
Let φ be a k-automorphism on K, and let M be a Γ-module. We construct a new Γ-module M φ by setting M φ = M as k-spaces, and letting the multiplication be given by (x ⊗ λ) · M φ m = (φ(x) ⊗ λ) · M m. Now the identity on M gives us a Λ-isomorphismφ : M φ → M , where for any x ∈ K and m ∈ M we havê φ(xm) = φ(x)φ(m).
When K is a normal extension of k, let G(K/k) denote its Galois group. We are now ready to prove the main result of this section.
Proof. We prove the first part by constructing a splitting of µ M . Let µ : K ⊗ k K → K be the map given by µ(x⊗y) = xy. This is a K ⊗ k K-module epimorphism. Since K is separable we have by Lemma 9.2.8 and Theorem 9.2.11 in [6] that K is a projective K ⊗ k K-module, and thus µ splits. Let ν : K → K ⊗ k K be a splitting of µ.
We first consider
This is a Γ-module homomorphism and a splitting of µ Γ . We now show that for any f ∈ Hom Γ (Γ, Γ) the following diagram commutes.
The homomorphism f is given by right multiplication with an element in Γ, and it is enough to check that the diagram commutes for all generators of Γ. Let x, y ∈ K, α, β ∈ Λ and f = − · y ⊗ β.
be a free presentation. Then we construct ν M from the commutative diagram
φ is a summand of K ⊗ k M and the composition ι φ := 1 ⊗φ • ν M φ is the inclusion. Let θ = φ be another element in G(K/k), and let m ∈ im ι φ ∩ im ι θ . Now
for all x ∈ K, which means that m = 0. Thus im ι φ ∩ im ι θ = (0), so M φ and M θ are distinct summands. If K is normal it follows that
When K is normal, this gives us a complete description of the Γ-modules that are Λ-isomorphic to a given Γ-module. Corollary 2. Let K be a normal extension of k, and let M 1 , . . . , M r be indecompos-
r . When K is not normal, this does not hold. Then Λ-isomorphisms do not even preserve the number of indecomposable Γ-summands. Example 2. Let K = Q(α) where α is a root of X 3 −2. K is not a normal extension of Q, and it has no nontrivial Q-automorphisms. K ⊗ Q K as a module over itself decomposes to K ⊕ L, and L ≃ K 2 as K-modules, but not as K ⊗ Q K-modules. In fact L is an indecomposable K ⊗ Q K-module.
Partial orders
Given two Γ-modules M and N , we can ask if M degenerates to N as a Γ-module, but also if M degenerates to N as a Λ-module.
If we have M ≤ Γ deg N , then there is an exact sequence of Γ-modules
This is also an exact sequence of Λ-modules, so we also have M ≤ 
This is a hereditary R-algebra corresponding to the Dynkin graph B 2 . We have that C ⊗ R Λ ≃ CQ as C-algebras, where Q is the quiver
The simple CQ-modules S 1 and S 3 are isomorphic as Λ-modules. The CQ-modules
are also isomorphic as Λ-modules. I 1 degenerates to S 2 ⊕ S 3 as a Λ-module, but not as a CQ-module, and the same holds for I 3 ≤ Λ deg S 2 ⊕ S 1 . In the above example all Λ-degenerations of Γ-modules can be decomposed into Γ-degenerations and Λ-isomorphisms. That is, for any modules
This does not hold for all algebras.
Example 4. Let Q be the quiver
and let Λ = RQ and Γ = CQ. Consider the modules given by the following representations:
Λ-isomorphisms do not preserve Γ-degenerations, and two Λ-isomorphic modules can behave quite differently in the Γ-degeneration order. For example, minimality is not preserved.
Example 5. Let Q be the Kronecker quiver and let Λ = RQ and Γ = C ⊗ R Λ. Let M , N and N ′ be the modules given by
For some algebras, e.g. Λ = kQ where Q is a simply laced Dynkin quiver, the isomorphism classes in mod Λ and mod K ⊗ k Λ are the same. It seems likely that in these cases the degeneration order should also be the same. The Hom-order is indeed the same. ( For any k-algebra R and R-modules A and B we have Hom (A, B) . Thus for any Γ-modules X and M we have
where n is the degree of K. But given 1 we also have generates an at most m-dimensional submodule is the inverse image of Z m , and we have
which is closed since the maps φ x are continuous and Z m is closed. Hence the closure of the isomorphism class of M is contained in {ρ ∈ mod
It follows immediately that we cannot have a degeneration in Example 7 if the field is algebraically closed. Even if the field is not closed, a degeneration is not possible. If there were a degeneration, applying k ⊗ k − to its Riedtmann-sequence would show that 
Endomorphism rings
Let k be a field, Λ a k-algebra and M and N Λ-modules such that If k is algebraically closed, the only finite extension of k is k itself. In this case it is obvious that if End Λ M is a field, then M must be minimal in the Hom-order, and thus also in the degeneration order. When k is not algebraically closed, End Λ M might be a field different from k. In this case, Λ [M, M ] is greater than one, so it is not immediately obvious that M should be minimal. However, it is. Hence M is minimal in the Hom-order, and since the degeneration order is coarser than the Hom-order, M is also minimal in the degeneration order.
